Introduction
The automotive market requires high performance cars in terms of comfort, drivability, fuel saving, and reduced polluting emissions ͓1͔. The continuously variable transmission ͑CVT͒ represents one of the most promising solution to optimize the thermal engine working conditions, get the highest efficiency, and therefore, improve fuel saving and reduce greenhouse gases emissions ͓2-6͔. However, in order to achieve these objectives an understanding of the CVT dynamics is fundamental ͓7-18͔, as well as the availability of simple and computationally light CVT models ͓7͔, which can be used as starting point to conceive and develop optimized control strategies of the variator ͓19-21͔. Different typologies of CVT transmissions have been invented over the years. However the ones that nowadays are most frequently encountered on the market are the metal-belt and metal-chain CVTs. In this paper we focus on the Gear Chain Industrial ͑GCI͒ chain belt CVT ͑see Fig. 1͒ , which in recent years has become more and more interesting because of its low manufacturing costs and the possibility to be easily scaled for extremely high torque applications ͓22͔. In addition, GCI chain CVTs usually present a better efficiency if compared with push-belt CVTs since the involute design of pins and strips in GCI chains strongly reduces the amount of energy dissipation. The energy dissipation occurs mainly at the pin-pulley interface, where elastohydrodynamics lubrication conditions take place ͓23,24͔. Recently, CarboneMangialardi-Mantriota ͑CMM͒ proposed a very promising model ͓7͔ to describe belt and/or chain CVT dynamics. The CMM model has been shown to give very reliable predictions during CVT shifting maneuvers ͓25͔ where both creep-mode and slip-mode dynamics are correctly described. It has also been successfully employed to develop novel variator slip control techniques ͓20,26͔ and recently has gained a strong industrial interest for its easiness of numerical implementation. However, some discrepancies between experiments and theoretical predictions are observed in steady-state conditions when the model is used to predict the traction curves of the variator. This requires a further refinement of the model, which we present in this paper. We focus on steadystate conditions and critically compare the theoretical predictions of the improved CMM model with experimental measurements. In particular, we concentrate on the variator traction capabilities and on the clamping forces ratio necessary to achieve the desired transmission ratio and we show that the agreement between the improved CMM predictions and experiments is very good. To obtain such a result we have improved the theoretical description of pulleys' elastic deflection, which in the original version of the model ͓7͔ was included only through a deflection parameter ⌬, assigned a priori. The new model, instead, calculates the real pulley elastic deflection through a Green function approach with a negligible increase of computational cost.
A Brief Review of the Original CMM Model
The starting point of our chain drive model, is the CMM model ͓7͔, which we briefly summarize. The chain is considered as a one-dimensional continuum body having a locally rigid motion. Since the longitudinal elongation of the chain is neglected, the mass conservation law yields
where v r = ṙ and v = s R are, respectively, the radial and tangential sliding velocities of the chain ͑see Fig. 2͒ . The quantity r is the local radial coordinate of the chain measured from the axis of rotation of the pulley. In Eq. ͑1͒, the radial velocity of the chain can be calculated if one knows the elastic deflection of the pulley.
In the original CMM model ͓7͔, the pulley bending is described
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where R is the chain pitch radius, ⌬ is a deflection parameter, and a = ͑1 + cos 2 ␤ 0 ͒ / sin͑2␤ 0 ͒, where ␤ 0 is the half-groove angle of the pulleys. The quantity is the angular coordinate and c is the center of the wedge expansion. c can be estimated as
where p is the linear pressure ͑force per unit longitudinal chain length͒ acting at the interface between the chain and the pulley and ␣ is the angular extension of the contact arc. The equilibrium of the chain involves the chain tension F, the linear pressure p ͑i.e., the pressure per unit length acting on the chain͒, the inertia force F in of the chain element, and the friction forces ͑see Fig. 3͒ . Neglecting the second-order terms the equilibrium gives 
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where m is the mass per unit length of the chain, is the angular speed of the pulley, is the local friction coefficient between the pin and the pulley, and ␤ 0 is the half-groove angle of the undeformed pulley. The quantity is the so-called sliding angle and is related to the radial and tangential velocity through the relation
In order to couple the two pulleys the following equation must be enforced
where the subscript DR refers to the primary pulley ͑drive pulley͒ and the subscript DN to the secondary one ͑driven pulley͒. The quantities v out and v in are the absolute chain velocities at the output and input points of the wrap arc. The local absolute velocity of the chain can be calculated as v = ͓v r 2 + ͑v + r͒ 2 ͔ 1/2 .
The Improved CMM Model
As already mentioned above, the original CMM model ͓7͔ employs the Sattler's sinusoidal approximation ͓28͔ to describe the changing of the groove angle of the pulley along the chain-pulley contact arc. The peak-valley amplitude of the sinusoid is given by the parameter ⌬, which is an input parameter of the original CMM model. However, our experiments have shown that although this simple approach gives good results during shifting-maneuvers, it is less accurate when employed to predict the traction curves of the variator. We have found that we can significantly improve the accuracy of the model if we include a direct calculation of the elastic deformation of the pulleys and therefore of the parameter ⌬. To this end, we have refined the Sattler's approximation by still assuming that the shape of the deformed groove angle is still described by a sinusoid but this time the deflection parameter ⌬ is directly calculated depending on the pressure distribution at the chain-pulley interface. The normal elastic displacement field u͑r , ͒ of the pulley surface is calculated by first determining the Green function and then by using the superposition principle in the form of a convolution product
where s is the curvilinear coordinate along the chain, l is the contact line between the chain and the pulley, and are the angular coordinates, is the local radial coordinate of the chain and G͑r , , − ͒ is the Green function, which represents the elastic displacement that would be obtained as a results of the application of a unit concentrated load. G͑r , , − ͒ needs to be calculated just once by means of a finite element method ͑FEM͒ approach. From a numerical point of view, the Green function is equivalent to the elastic response matrix of the pulleys, which once known, can be directly implemented in the CMM numerical code without any significant increase of the computational complexity of the model. Due to the different stiffness of the fixed and movable sheaves of the pulley, we express the half-groove angle as
where ␤ fix and ␤ mov are the half-groove angles of the fixed and movable sheaves, respectively. Our calculations show that the groove angle can be expressed as
where the term ⌫ represents an offset of the sinusoidal function. It is worth to notice that the parameters ⌫ and ⌬ are functions of the clamping force S and of the transmission ratio , i.e., Table 1 shows that the dependence of ⌬ on the clamping force is almost perfectly linear with a coefficient of proportionality, which depends on the value of the transmission ratio . Very interesting is to notice that the new formulation of the deformed groove angle does not affect the analytical formulation of the original CMM model ͓7͔, indeed in steady-state conditions, the radial velocity of the belt can still be calculated by using Eq. ͑2͒, provided the parameter ⌬ is calculated by means of Eq. ͑12͒. Figure 4 compares the traction curves calculated with the original CMM and the improved CMM models, under the following conditions: =1, S DN = 20 kN, and DR = 500 RPM. In the original CMM model, the input parameter ⌬ was kept equal to ⌬ = 0.001, whereas the improved CMM model gives ⌬ DN = 0.0011 on the driven pulley ͑where the secondary clamping force is constant͒ Table 1 The quantities ⌬ and ⌫ calculated through a FEM approach as a function of clamping force S and of the transmission ratio ; values refer to the driven pulley and ⌬ DR variable in the range 0.0011-0.0013 on the drive pulley ͑where the clamping force varies as the torque load is increased͒. These differences explain the non-negligible deviation between the two approaches. The reason is related to the fact that the sliding velocities of the chain and therefore the overall slip =1 − ͑ DN R DN ͒ / ͑ DR R DR ͒ of the variator are proportional ͑in steadystate conditions͒ to the deflection parameter ⌬. Thus, changing ⌬ results in a modification of the slope of the traction curves.
Results and Experimental Verification
In this section, we compare the theoretical predictions of the improved CMM model with the experimental measurements. The experimental tests have been carried out on a chain CVT by Gear Chain Industrial b.v. ͑GCI͒, mounted on the power loop test rig ͑see Fig. 5͒ available at the Automotive Engineering Science laboratory of the Technische Universiteit Eindhoven. In Fig. 6 the layout of the power-loop test rig is shown: it consists of a drive motor and two variators coupled in parallel. The drive motor shaft is the primary side, the other one is the secondary side. Variator A is mounted between the drive motor and variator B. Each variator is built into a modular beltbox, which has an integrated manifold for the hydraulic system. The couplings connecting the two CVTs can be released without changing the position of the CVT boxes. This enables quick ͑dis͒-assembly of the test rig, without the need to realign the complete setup. An unconventional setup by GCI b.v. is used for the hydraulic unit. The bearings and belt are lubricated by a separate hydraulic circuit, which is fed by the lubrication pump ͑L a , L b ͒. These circuits also feed the pressure pumps ͑P a , P b ͒, which are used to control the pressure ͑p 2a , p 2b ͒ in the secondary pulley cylinders of the variators. The primary pulley cylinders are pressurized by the ratio pumps ͑R a , R b ͒, which control the flow between the primary and secondary pulley cylinders. Bidirectional external gear pumps are used with a displacement of 2.2 cc/rev. PWM controlled brushless 42 V dc servomotors are used to drive the pressure and ratio pumps. The hydraulic feed of the pulley cylinders is realized by an axial connection, which uses a sealed close clearance bushing to prevent excessive leakage. For the shaft connected to the motor, the axial connection is not available and therefore a radial oil feed has been designed. It consists of a chamber sealed with two rings in a groove on the shaft. For control and measuring purposes the test rig is equipped with sensors for pressure ͑p 1a , p 2a , p 1b , p 2b ͒, rotational speed ͑ 1 , 2 ͒, moveable pulley-sheave position ͑x 1b , x 2a ͒, and torque ͑T 1 , T 2 ͒.
The CVT transmission employed during the experiment is an original GCI design and it is characterized by the following data: belt length L = 703 mm, center-to-center distance of the pulleys i = 168 mm, and undeformed sheave angle ␤ 0 = 11 deg. The friction coefficient has been considered equal to = 0.09. Experiments have been carried out in steady-state conditions and have been concerned mainly with the measurement of pulley clamping force ratio and traction performance.
Clamping force ratio.
The experiments have been carried out at a given primary speed DR , secondary clamping force S DN , and primary torque T DR . Figures 7-9 show the experimental and theoretical values of the clamping forces ratio as a function of the speed ratio for different values of primary torque and secondary clamping force. The experimental value of the pulley clamping force S has been calculated through the relation
where p is the oil pressure, A is the pressurized area of the movable pulley-sheave, and F c is the centrifugal term, which is function of the oil density of the pulley angular velocity and of the minimum radius r 1 and the maximum radius r 2 of the hydraulic 
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Transactions of the ASME chamber. As suggested by the manufacturer of such system the centrifugal term F c is estimated through the formula F c = 2 ͑r 2 4 − r 1 4 ͒ / 4. Figure 7 shows the clamping force ratio at zero torque load, primary speed DR = 2000 RPM, and for four different secondary clamping forces ͑S DN = 5 kN, 10 kN, 15 kN, 20 kN͒. We observe that at low clamping force level ͑see Fig.  7͑a͒͒ the theoretical predictions deviate significantly from the experimental data. The theoretical predictions fall on a strictly monotonic curve with values of the clamping force ratio S DR / S DN , which increase with the speed ratio = DN / DR , whereas the experimental data present a relatively flat trend. However, as the secondary clamping is increased ͑see Figs. 7͑b͒-7͑d͒͒ the agreement between theoretical predictions and experiments constantly gets better and becomes almost perfect in Figs. 7͑c͒ and 7͑d͒ , where the secondary clamping forces are S DN = 15 kN and 20 kN, respectively. We believe that the significant difference observed at small secondary clamping force is mainly related to a secondary effect, which affects the clamping force ratio measurements. The experimental data show, indeed, a dispersion ͑see vertical bars in Fig. 7͒ , caused by a strong fluctuation of fluid pressure due to rotational pumps, which is very pronounced only at lower values of the secondary clamping forces and almost completely disappears at higher values of S DN . This is also confirmed in Fig. 8 where the clamping force ratio is plotted against the transmission ratio for a given primary torque T DR = 30 Nm and primary angular speed DR = 3000 RPM and for different secondary clamping forces ͑S DN = 5 kN, 10 kN, 15 kN, 20 kN͒. In fact, the agreement between theoretical predictions and experimental data is very good only at high secondary clamping forces, whereas at small clamping forces we again observe a non-negligible disagreement accompanied by a large dispersion of experimental data. This suggests that the measured values of the clamping forces are affected by an error, which may be independent of the secondary clamping force S DN . We believe this error may be re- lated to friction in the crank spindle joint or to friction in the seals of the primary and secondary hydraulic cylinders. At higher torques ͑see Fig. 9 where the primary torque is T DR =70 Nm͒, larger clamping forces are needed to guarantee the power transmission. This explains why the experimental curves are shifted toward higher values of the clamping force ratios. We observe that also in this case the agreement with the theoretical prediction is very good with a difference limited to less than 5% at = 0.8 and S DN =20 kN ͑see Fig. 9͑b͒͒ .
We conclude that although additional investigations are needed to understand the reason of differences at low clamping forces, the improved CMM is able to predict with good accuracy the real clamping force ratio needed to transmit a certain torque at any given value of the speed ratio and for any given value of the secondary clamping force S DN .
Traction performance.
In this section we compare the calculated traction curves with the measured ones. The measurements have been carried out for different values of geometric ratio id = R DR / R DN ͑where R DR and R DN are, respectively, the primary and secondary pitch radii of the chain͒ at a fixed value of the primary speed DR and the secondary clamping force S DN . During the measurements the primary torque has been constantly increased up to the maximum value, which depends on the class of the variator. The traction coefficients for the drive and driven pulleys are usually defined as
where T is the torque, R is the pitch radius, S stands for the clamping force, and ␤ 0 is the undeformed sheave angle. As before the subscript DR refers to the drive pulley ͑i.e., the primary pulley͒ and the subscript DN refers to the driven pulley. The quantities DR and DN are usually plotted as a function of the overall slip of the variator defined as Figure 10 show the traction coefficients DR and DN as a function of for different values of the geometric speed ratio id =0.5,1,2 and for a given value of the secondary clamping force " DR = 500 RPM, S DN =15 kN… for different values of the geometric ratio: id =0.5 ""a… and "b……, id =1 ""c… and "d……, and id =2 ""e… and "f……. Incidentally we observe that
where we used T DR / R DR Ϸ T DN / R DN . Therefore the ratio DN / DR between the traction coefficients equals ͑at least approximately͒ the clamping force ratio S DR / S DN . In Fig. 11 , we show the traction curves, for larger values of the secondary pulley clamping force, i.e., S DN = 20 kN. We see that, in this case ͑i.e., when the clamping force is relatively high͒ the agreement between theory and experiments becomes even better. In all cases we observe that for slip coefficients less than 1% the traction coefficients increase almost linearly with . However for higher values, the curve rapidly deviates from linearity and increases much slower with with a rapid slope change, which occurs in many cases close to 1% of slip. We can therefore suggest a limiting slip threshold T = 1% beyond which the variator enters the macroslip region. The same threshold value of the overall slip is confirmed also in Fig. 12͑a͒ , which shows the primary clamping force as a function of the variator slip for S DN =15 kN, DR = 500 RPM, and id = 1. We observe that the primary clamping force S DR has a nonmonotonic behavior with a peak located just at the threshold value T = 1% at which the slip starts to rapidly increase ͑see also Fig. 12͑b͒͒ . Therefore, one concludes that the transition from the microslip to the macroslip regime occurs just when the primary clamping force reaches the peak value. This condition can then be usefully utilized in practical application, e.g., to design slip control strategies of the variator.
Conclusions
We propose an improved version of the original CMM model, which allows to directly calculate the pulley elastic deflection. The procedure requires a very limited increase of the computational cost since the calculations of the elastic displacement are carried out on the basis of the elastic response matrix, which is calculated just once. We compare the theoretical predictions, in terms of clamping force ratio and traction curves with the experimental data. In all cases, except at very low clamping forces, we have found a very good agreement between theory and experi- id =0.5 ""a… and "b……, id =1 ""c… and "d……, and id =2 ""e… and "f……. ments. This is a very remarkable result since it confirms the validity and reliability of the CMM model in predicting the variator performance in almost every working conditions. This is even more important if one observes that the CMM model, not being costly from a computational point of view, may be extremely useful for control applications where real time simulations may be often required.
